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Abstract
In this paper we provide an ansatz that reduces a pseudo-Riemannian gradient
Ricci almost soliton (PDE) into an integrable system of ODE. First, considering a
warped structure with conformally flat base invariant under the action of an (n −
1)-dimensional translation group and semi-Riemannian Einstein fiber, we provide
the ODE system which characterizes all such solitons. Then, we also provide a
classification for a conformally flat pseudo-Riemannian gradient Ricci almost soliton
invariant by the actions of a translation group or a pseudo-orthogonal group. Finally,
we conclude with some explicit examples.
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1 Introduction and main statements
In the early eighties, Jean-Pierre Bourguignon introduced a flow to study the evolution
of the Ricci curvature and the Einstein metrics. The Ricci Bourguignon flow is given by
∂
∂ t
g(t) = −2(Ric− κR g)(t),
where Ric and R are, respectively, the Ricci tensor and the scalar curvature for the metric
g. This flow is an interpolation between the Ricci flow and the Yamabe flow (see [11] and
the references therein).
The self-similar solutions of this flow are called Einstein solitons and correspond to
the equation
Ric+Hess(h) = (κR+ µ )g,
where κ, µ ∈ R. When we replace in the above equation the term κR + µ for λ, an
arbitrary smooth function, we can call this equation a gradient Ricci almost soliton. We
say that a Ricci almost soliton is a smooth manifold satisfying
Ric+ LXg = λg,
where LXg represents the Lie derivative of the metric g with respect to a tangent vector
field X and λ is an arbitrary smooth function. The Ricci almost solitons generalize
Einstein solitons. They are also natural generalizations for Ricci solitons, which are self-
similar solutions for the Ricci flow.
Definition 1.1 A smooth manifold (Mn, g) is a gradient Ricci almost soliton if there
exist two smooth functions h and λ on M such that
Ricg +Hessg(h) = λg, (1)
where Ricg is the Ricci tensor, Hessg(h) is the Hessian of the potential function h with
respect to the metric g.
A smooth manifold (Mn, g) is a gradient Ricci soliton if there exist a smooth function
h : M −→ R (called the potential function) and a constant λ satisfying 1. A gradient
Ricci soliton is said to be shrinking, steady, or expanding if λ > 0, λ = 0, or λ < 0,
respectively. When M is a Riemannian manifold, usually, one requires the manifold to be
complete. In the case of semi-Riemannian manifolds, one does not require (M, g) to be
complete (see [3], [6], [7] e [14]).
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We observe that 1 can be considered a perturbation of the Einstein equation
Ricg = ρg, ρ ∈ R.
When h is constant, we call the underlying Einstein manifold a trivial Ricci soliton.
Pigola et al. [15], explored the Ricci almost solitons in a very comprehensive way.
They provided topological properties, volume comparison results, a gap theorem and
some explicit examples are given.
Since gradient Ricci almost solitons contain gradient Ricci solitons as a particular
case, we can say that the gradient Ricci almost soliton is proper if the function λ is
non-constant (see [8]).
In [12] the authors presented a necessary and sufficient condition for constructing
gradient Ricci almost solitons that are realized as warped products. They provided an
example of a particular Riemannian solution of the PDEs that arise from the hypothesis
that the base is conformally flat and invariant by translation, in which the fiber is an
Einstein manifold. Here, we classify all pseudo-Riemannian gradient Ricci almost soliton
with warped structure in Theorem 1.1. Moreover, Theorem 1.2 provides a method capable
of producing an infinite number of pseudo-Euclidean warped product gradient Ricci almost
soliton such that the base is invariant under the action of an (n − 1)-translation group
and the fiber is Ricci flat (see explicit examples below).
Further, Barros, Batista and Ribeiro Jr [1], proved that either a Euclidean space Rn
or a standard sphere Sn is the unique manifold with non-negative scalar curvature, which
carries a structure of a gradient Ricci almost soliton, provided this gradient is a nontrivial
conformal vector field. Also, they showed that a compact locally conformally flat almost
Ricci soliton is isometric to a Euclidean sphere Sn provided that an integral condition
holds. In addition, they constructed examples of gradient Ricci almost solitons. Consider
the warped product manifoldMn+1 = R×cosh(t)Sn with metric g = dt2+cosh
2(t)g0, where
g0 is the standard metric of Sn. They proved that (Mn+1, g,∇h, ρ), where h(x, t) = sinh(t)
and λ(x, t) = sinh(t) + n, is a gradient Ricci almost soliton.
Barros et al. [2] proved that a gradient Ricci almost soliton (Mn, g,∇h, λ), whose
Ricci tensor is Codazzi, has constant sectional curvature. In particular, in the compact
case, they deduced that (Mn, g) is isometric to a Euclidean sphere and h is a height
function. They classified gradient Ricci almost solitons with constant scalar curvature
and provided a suitable function that achieved a maximum in Mn.
In 2011, Catino [10] introduced the notion of generalized quasiâ€“Einstein manifold
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that generalizes the concepts of Ricci soliton, Ricci almost soliton, and quasiâ€“Einstein
manifolds. He proved that a complete generalized quasiâ€“Einstein manifold with har-
monic Weyl tensor and zero radial Weyl curvature is locally a warped product with (n−1)-
dimensional Einstein fibers. Furthermore, in this paper, Catino proved the following
result:
“Let (Mn, g), n ≥ 3 be a locally conformally flat gradient Ricci almost soliton. Then,
around any regular point of h, the manifold (Mn, g) is locally a warped product with
(n− 1)-dimensional Einstein fibers of constant sectional curvature.”
In particular, this implies a local characterization for locally conformally flat gradient
Ricci almost solitons, similar to that proved for gradient Ricci solitons.
The local structure of half conformally flat gradient Ricci almost solitons was recently
investigated in [8], showing they are locally conformally flat in a neighborhood of any point
where the gradient of the potential function is non-null. In [9], the authors proved that a
locally homogeneous proper Ricci almost soliton has either constant sectional curvature
or is locally isometric to a product R×N(c), where N(c) is a space of constant curvature.
Inspired by the local classification of conformally flat gradient Ricci almost soliton
that we discussed above, we consider a warped product structure for gradient Ricci almost
solitons which is not necessarily conformally flat and then we classify such solitons.
Considering (B, gB) and (F, gF ) semi-Riemannian manifolds, with f > 0 being a
smooth function on the base B, the warped product M = B ×f F , with fiber F and
warping function f , is the product manifold M = B × F furnished with metric tensor
g˜ = gB + f
2gF .
In what follows, we find a family of gradient Ricci almost solitons in the case of
the warped product (M, g˜) = (Rn, g¯)×f (Fm, gF ), where the fiber is a semi-Riemannian
Einstein manifold and the base is conformal to a pseudo-Euclidean space which is invariant
under the action of an (n− 1)-dimensional translation group.
We denote ψ,xi, f,xi, and h,xi, first order derivative and ψ,xixj , f,xixj , and h,xixj as the
second order derivative of functions ψ, f , and h, with respect to xi and xixj , respectively.
Moreover, for any smooth function W we denote
W
′
=
dW
dξ
or W
′
=
dW
dr
.
Without further ado, we state our main results.
4
Theorem 1.1 Let (Rn, g) be a pseudo-Euclidean space with Cartesian coordinates x =
(x1, ..., xn), gij = δijεi, where δij is the delta Kronecker, εi = ±1 with at least one εi = 1.
Consider (M, g˜) = (Rn, g¯)×f (Fm, gF ), where g =
1
ψ2
g and F is a semi-Riemannian Ein-
stein manifold with constant Ricci curvature λF . Moreover, assume non-constant smooth
functions h(ξ), λ(ξ) and f(ξ) > 0, where ξ =
∑n
i=1 αixi, αi ∈ R and
∑n
i=1 εiα
2
i = εi0
equals −1 or 1 if is a timelike or spacelike vector, respectively. Then, the warped product
metric g˜ = g¯+ f 2gF is a gradient Ricci almost soliton 1 with h as a potential function if,
and only if, the functions ψ, f , λ, and h satisfy

f
[
(n− 2)ψ
′′
+ 2ψ
′
h
′
+ ψh
′′
]
−mψf
′′
− 2mψ
′
f
′
= 0;
εi0
[
fψψ
′′
− (n− 1)f
(
ψ
′
)2
+mψψ
′
f
′
− fψψ
′
h
′
]
= λf ;
εi0
[
−fψ2f
′′
+ (n− 2)fψf
′
ψ
′
− (m− 1)ψ2
(
f
′
)2
+ fψ2f
′
h
′
]
= λf 2 − λF .
(2)
In the next result we prove that if fψ = 1 and F is Ricci flat, then the metrics g˜ are
gradient Ricci almost solitons.
Theorem 1.2 Let (Rn, g) be a pseudo-Euclidean space with coordinates x = (x1, ..., xn),
gij = δijεi, where δij is the delta Kronecker, εi = ±1 with at least one εi = 1. Consider
M = (Rn, g¯)×f Fm, a warped product, where g =
1
ψ2
g, F is a Ricci-flat semi-Riemannian
Einstein manifold. Consider f(ξ) > 0, λ(ξ) e h(ξ) non-constant smooth functions, where
ξ =
∑n
i=1 αixi, αi ∈ R and
∑n
i=1 εiα
2
i = εi0 equals −1 or 1 if is a timelike or spacelike
vector, respectively. Given any function ψ(ξ), the warped product metric g˜ = g¯ + f 2gF is
a gradient Ricci almost soliton 1 with h as a potential function, where the functions f , h,
and λ are given by


f(ξ)ψ(ξ) = 1;
h(ξ) = k +
∫ {
c− (m+ n− 2)
∫
ψψ
′′
dξ
}
1
ψ2
dξ;
λ(ξ) = εi0
{
ψψ
′′
− (m+ n− 1)(ψ
′
)2 − c
ψ
′
ψ
+ (m+ n− 2)
ψ
′
ψ
∫
ψψ
′′
dξ
}
,
(3)
where c and k are constants.
Remark 1.1 In Theorem 1.2 fψ = 1, thus the metric g˜ can be rewritten as
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g˜ = g¯ + f 2gF =
1
ψ2
gE +
(
1
ψ
)2
gF =
1
ψ2
(gE + gF ) .
Thus, all metrics conformal to the product manifold (Rn × Fm), invariant by transla-
tion, where F is a Ricci flat manifold, are gradient Ricci almost solitons.
Hereafter, we find a family of gradient Ricci almost solitons in the case of (M, g˜) =
(Rn, g¯), where M is conformal to a pseudo-Euclidean space which is invariant under the
action of a pseudo-orthogonal group.
Let (Rn, g) be the standard pseudo-Euclidean space with metric g and coordinates x =
(x1, ..., xn) with gij = δijεi, 1 ≤ i, j ≤ n, where δij is the delta Kronecker, εi = ±1 with at
least one εi = 1. Let r =
n∑
i=1
εix
2
i , αi ∈ R, be a basic invariant for an (n−1)−dimensional
pseudo-orthogonal group. We want to obtain differentiable functions f(r), ψ(r) and λ(r)
such that the metric g = 1
ψ2
g satisfies 1.
We show that in the Riemannian case, all metrics conformal to a Euclidean metric
and invariant by rotation are gradient Ricci almost solitons, see Corollary 1.1. Moreover,
in Corollary 1.1, given any function ψ(r), there are f(r) and λ(r) such that the metric
g is a gradient Ricci almost soliton. This provides a method to build many examples of
solitons invariants by rotation.
In Corollary 1.1 and Theorem 1.3, we consider metrics conformal to pseudo-Euclidean
spaces, then we find families of gradient Ricci almost soliton invariants by a pseudo-
orthogonal group action.
Theorem 1.3 Let (Rn, g) be a Euclidean space n ≥ 3 with coordinates x = (x1, ..., xn),
gij = δijεi, where δij is the delta Kronecker, εi = ±1 with at least one εi = 1. Consider
non-constant smooth functions h(r) and ψ(r), where r =
∑n
i=1 εix
2
i . There exists metric
g = 1
ψ2
g such that (Rn, g) is a gradient Ricci almost soliton 1 with h as a potential function
if, and only if, the functions h, ψ and λ satisfy

(n− 2)ψ
′′
+ 2ψ
′
h
′
+ ψh
′′
= 0;
4(n− 1)ψψ
′
+ 4rψψ
′′
− 4(n− 1)r
(
ψ
′
)2
− 4rψψ
′
h
′
+ 2ψ2h
′
= λ.
(4)
Note that, the conformal function is free for choice. Therefore, if we choose a conformal
function for Theorem 1.3, we can build a pseudo-Riemannian gradient Ricci almost soliton
invariant by the action of a pseudo-orthogonal group (rotational in the Riemannian case),
provided that the system 4 is integrable. We sum up this discussion in the following
corollary.
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Corollary 1.1 Let (Rn, g) be a Euclidean space n ≥ 3 with coordinates x = (x1, ..., xn),
gij = δijεi, where δij is the delta Kronecker, εi = ±1 with at least one εi = 1. Consider
non-constant smooth functions h(r) and ψ(r), where r =
∑n
i=1 εix
2
i . Given any function
ψ(r), the metric g = 1
ψ2
g is a gradient Ricci almost soliton 1 with h as a potential function,
where the functions h and λ are given by


h(r) =
∫ [
c− (n− 2)
∫
ψψ
′′
dr
]
1
ψ2
dr + k;
λ(r) = 4(n− 1)ψψ
′
+ 4rψψ
′′
− 4(n− 1)r
(
ψ
′
)2
− 4crψ
′
ψ
− 2(n− 2)
(
1− 2rψ
′
ψ
) ∫
ψψ
′′
dr + 2c,
(5)
where c and k are constants.
For our next results, let (Rn, g) be the standard pseudo-Euclidean space with metric
g and coordinates x = (x1, ..., xn) with gij = δijεi, 1 ≤ i, j ≤ n, where δij is the delta
Kronecker, εi = ±1 with at least one εi = 1. Let ξ =
n∑
i=1
αixi, αi ∈ R, be a basic
invariant for an (n − 1)−dimensional pseudo-orthogonal group, where
∑n
i=1 εiα
2
i = εi0
equals −1, 0, or 1 if it is a timelike, lightlike, or spacelike vector, respectively. We want to
obtain differentiable functions f(r), ψ(r) and λ(r) such that the metric g = 1
ψ2
g satisfies
1.
Now, we first obtain the necessary and sufficient conditions on f(ξ) and ψ(ξ) for the
existence of g. These conditions differ depending on the direction α =
n∑
i=1
αi
∂
∂xi
being
timelike or spacelike. Remember that we are considering proper solitons.
Theorem 1.4 Let (Rn, g) be a pseudo-Euclidean space n ≥ 3 with coordinates x =
(x1, ..., xn), gij = δijεi. Consider non-constant smooth functions h(ξ) and ψ(ξ), where
ξ =
n∑
i=1
αixi, αi ∈ R and
n∑
i=1
εiα
2
i = εi0 6= 0. There exists the metric g =
1
ψ2
g such that
(Rn, g) is a gradient Ricci almost soliton 1 with h as a potential function if, and only if,
the functions h, ψ, and λ satisfy


(n− 2)ψ
′′
+ 2ψ
′
h
′
+ ψh
′′
= 0;
εi0
[
ψψ
′′
− (n− 1)
(
ψ
′
)2
− ψψ
′
h
′
]
= λ.
(6)
In the next result we provide families of gradient Ricci almost solitons which are
invariant under the action of an (n− 1)-dimensional translation group.
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Corollary 1.2 Let (Rn, g) be a pseudo-Euclidean space n ≥ 3 with coordinates x =
(x1, ..., xn), gij = δijεi. Given any function ψ(ξ), the metric g =
1
ψ2
g is a gradient
Ricci almost soliton 1 with h as a potential function, where the functions h and λ are
given by


h(ξ) =
∫ [
c− (n− 2)
∫
ψψ
′′
dξ
]
1
ψ2
dξ + k;
λ(ξ) = εi0
{[
ψψ
′′
− (n− 1)(ψ
′
)2
]
−
ψ
′
ψ
[
c− (n− 2)
∫
ψψ
′′
dξ
]}
,
(7)
where c and k are constants.
Corollary 1.3 If (Rn, g) is the Euclidean space, F a Ricci-flat complete Riemannian
manifold (if it is the case) and 0 < |ψ(x)| ≤ c for some constant c, then the metrics in
Theorem 1.2, Corollary 1.1 and Corollary 1.2 are complete.
As a consequence of Corollary 1.3 we obtain the following examples.
Example 1.1 Considering α1 = . . . = αn−1, αn = 1, ψ(x1, . . . , xn) = xn and Rn
∗
+ =
{(x1, . . . , xn) ∈ Rn; xn > 0}, i.e.,
(
R
n∗
+ , gcan =
δij
x2n
)
= (Hn, gcan), where gcan is the standard
metric of the hyperbolic space. Therefore, from Theorem 1.2 we have that the product
manifold Hn × Fm, in which (Fm, gF ) is a complete Ricci-flat manifold, is a complete
gradient Ricci almost soliton with metric tensor
ds2 = gcan +
1
x2n
gF ,
where the potential function is
h(x1, . . . , xm+n) = k −
c
xn
,
and
λ(x1, . . . , xm+n) = −
[
(m+ n− 1) +
c
xn
]
.
Example 1.2 Consider α1 = . . . = αn−1, αn = 1 and Rn
∗
+ = {(x1, . . . , xn) ∈ R
n; xn > 0},
i.e.,
(
R
n∗
+ , gcan =
δij
x2n
)
= (Hn, gcan), where gcan is the standard metric of the hyperbolic
space. Now, taking ψ(x1, . . . , xn) = xnν, where ν is any bounded and positive smooth
function (cf. Corollary 1.3) we have that the product manifold Hn×Fm, in which (Fm, gF )
is a complete Ricci-flat manifold, is a complete gradient Ricci almost soliton with metric
tensor
ds2 =
1
ν2
(
gcan +
1
x2n
gF
)
,
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where the functions λ and h are given by 3. Therefore, there exists many complete Ricci
almost solitons conformal to Example 1.1.
Example 1.3 If ψ(x1, . . . , xn) = e−x
2
1
−...−x2n in Corollary 1.1, then Rn with Riemannian
metric
ds2 = e2(x
2
1
+...+x2n)(dx21 + . . .+ dx
2
n)
is a complete gradient Ricci almost soliton where the potential function is
h(x1, . . . , xn) =
c
2
e2x
2
1
+...+2x2n +
(n− 2)
2
(x21 + . . .+ x
2
n) + k,
and
λ(x1, . . . , xn) = −[2(n− 2)(x
2
1 + . . .+ x
2
n) + (3n− 2)]e
−2x2
1
−...−2x2n
+ 2c[2(x21 + . . .+ x
2
n) + 1].
Example 1.4 Choosing n=2, α1 = α2 = 1 and ψ(x1, x2) =
1
1+(x1+x2)2
, then from Corol-
lary 1.2 we have that R2 with metric
ds2 = [1 + 2(x1 + x2)
2 + (x1 + x2)
4](dx21 + dx
2
2)
is a complete gradient Ricci almost soliton, where the potential function is
h(x1, x2) = c
[
(x1 + x2) +
2
3
(x1 + x2)
3 +
1
5
(x1 + x2)
5
]
+ k
and
λ(x1, x2) =
4(x1 + x2)2
[1 + (x1 + x2)2]4
−
2
[1 + (x1 + x2)2]3
+
2c(x1 + x2)
1 + (x1 + x2)2
.
2 Proofs of the Main Results
Proof of Theorem 1.1:
Let (Rn, g) be a pseudo-Euclidean space n ≥ 3 with coordinates x = (x1, ..., xn),
(M, g˜) = (Rn, g¯)×f (Fm, gF ) a warped product where g˜ = g+f 2gF , g =
1
ψ2
g, gij = δijεi, F
is a pseudo-Riemannian Einstein manifold with constant Ricci curvature λF . Considering
X1, ..., Xn ∈ £(Rn) and Y1, ..., Ym ∈ £(F ), where £(Rn) and £(F ) are, respectively, the
spaces of lifts of vector fields on Rn and F to Rn ×f Fm. Since g˜ (Yi, Yj) = f 2gF (Yi, Yj),
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from the warped structure (see [4, 13]) we obtain

Ricg˜ (Xi, Xj) = Ricg (Xi, Xj)−
m
f
Hessgf (Xi, Xj) , ∀ i, j = 1, ..., n;
Ricg˜ (Xi, Yj) = 0, ∀ i = 1, ..., n; e j = 1, ..., m
Ricg˜ (Yi, Yj) = RicgF (Yi, Yj)
−
(
f∆gf + (m− 1) |∇gf |
2
)
gF (Yi, Yj) , ∀ i, j = 1, ..., m.
(8)
It is well known (cf. [4]), if g = 1
ψ2
g, that
Ricg =
1
ψ2
{
(n− 2)ψHessgψ +
[
ψ∆gψ − (n− 1) |∇gψ|
2
]
g
}
. (9)
Furthermore, we get from the metric g
(Hessgψ) (Xi, Xj) = ψ,xixj , ∆gψ =
∑
k
εkψ,xkxk , |∇gψ|
2 =
∑
k
εk (ψ,xk)
2
inserting these expressions into 9, we get

Ricg (Xi, Xj) = (n− 2)
ψ,xixj
ψ
, ∀ i 6= j = 1, ..., n;
Ricg (Xi, Xi) =
1
ψ2
{
(n− 2)ψψ,xixi
+
[
ψ
∑
k
εkψ,xkxk − (n− 1)
∑
k
εkψ
2
,xk
]
εi
}
, ∀ i = 1, ..., n.
(10)
Considering X1, ..., Xn ∈ £(Rn) and 1, we have
Ricg˜ (Xi, Xj) = λg˜ (Xi, Xj)−Hessg˜ (h) (Xi, Xj) .
Then, from the first equation of 8
Ricg (Xi, Xj)−
m
f
Hessg(f) (Xi, Xj) = λg (Xi, Xj)−Hessg(h) (Xi, Xj) . (11)
Let now g = 1
ψ2
g be a conformal metric of g, gij = εiδij , then the expressions of the
Christoffel symbols are given by
Γ
k
ij = 0, Γ
i
ij = −
ψ,xj
ψ
, Γ
k
ii = εiεk
ψ,xk
ψ
and Γ
i
ii = −
ψ,xi
ψ
.
Then, for any smooth function W , the Hessian operator is given by

Hessg(W )ij =W,xixj +
ψ,xj
ψ
W,xi +
ψ,xi
ψ
W,xj , i 6= j;
Hessg(W )ii = W,xixi + 2
ψ,xi
ψ
W,xi − εi
n∑
k=1
εk
ψ,xk
ψ
W,xk .
(12)
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Applying 10 and the expression of Hessian in the metric g¯ given by 12 to 11, we obtain
(n− 2)fψ,xixj + fψh,xixj −mψf,xixj −mψ,xif,xj
− mψ,xjf,xi + fψ,xih,xj + fψ,xjh,xi = 0, 1 ≤ i 6= j ≤ n,
(13)
and for all i
ψ [(n− 2)fψ,xixi + fψh,xixi −mψf,xixi − 2mψ,xif,xi + 2fψ,xih,xi] +
εi
∑n
k=1 εk
[
fψψ,xkxk − (n− 1)fψ
2
,xk
+mψψ,xkf,xk − fψψ,xkh,xk
]
= εiλf.
(14)
Now, considering Y1, ..., Ym ∈ £(F ), from 1 and the third equation of 8 we get
RicgF (Yi, Yj) −
(
f∆gf + (m− 1) |∇gf |
2
)
gF (Yi, Yj)
− λf 2gF (Yi, Yj) + (Hessg˜h) (Yi, Yj) = 0.
(15)
It is a straightforward computation that
|∇gf |
2 = ψ2Σkεkf 2,xk and
△gf = ψ2Σkεkf,xkxk − (n− 2)ψΣkεkψ,xkf,xk .
(16)
We also have that F is an Einstein Manifold, thus
RicgF (Yi, Yj) = λFgF (Yi, Yj) . (17)
Moreover,
Hessg˜(h)(Yi, Yj) = (YiYj)(h)− (∇g˜YiYj)(h)
=
(
∇g˜f
f
)
(h)g˜(Yi, Yj)
= f g¯(∇g¯h,∇g¯f)gF (Yi, Yj)
=
(
fψ2
∑
k
εkf,xkh,xk
)
gF (Yi, Yj). (18)
Then, replacing this expression and 16, 17, 18 in 15, we get
n∑
k=1
εk
[
−fψ2f,xkxk + (n− 2)fψf,xkψ,xk − (m− 1)ψ
2f 2,xk + fψ
2f,xkh,xk
]
= λf 2−λF . (19)
We assume that f(ξ) and ψ(ξ) are functions of ξ, where ξ =
∑n
i=1 αixi. Hence, we have
ψ,xi = αiψ
′
, ψ,xixj = αiαjψ
′′
, ψ,xixi = α
2
iψ
′′
,
f,xi = αif
′
, f,xixj = αiαjf
′′
, f,xixi = α
2
i f
′′
,
11
and
|∇gψ|
2 =
(
Σni=1εiα
2
i
)
(ψ
′
)2 = εi0(ψ
′
)2, △gψ =
(
Σni=1εiα
2
i
)
ψ
′′
= εi0ψ
′′
,
where
n∑
i=1
εiα
2
i = εi0.
We replace these expressions in 13, 14 and 19. From 13, we have
αiαj
{
f
[
(n− 2)ψ
′′
+ 2ψ
′
h
′
+ ψh
′′
]
−mψf
′′
− 2mψ
′
f
′
}
= 0, ∀i 6= j.
If there exists i 6= j such that αiαj 6= 0, then this equation reduces to the first equation
of 2. Likewise, from 14, we get
ψα2i
{[
(n− 2)ψ
′′
+ 2ψ
′
h
′
+ ψh
′′
]
−mψf
′′
− 2mψ
′
f
′
}
+ εiΣnk=1εkα
2
k
[
fψψ
′′
− (n− 1)f
(
ψ
′
)2
+mψψ
′
f
′
− fψψ
′
h
′
]
= εiλf,
applying the first equation of 2 and taking
∑n
k=1 εkα
2
k = εi0 6= 0, the equation above
reduces exactly to the second equation of 2. Finally, we have the third equation of 2 by
19. The inverse statement of this theorem it is a straightforward computation.
Proof of Theorem 1.2:
We can rewrite the first equation of 2 as
fψh
′′
+ 2fψ
′
h
′
+ (n− 2)fψ
′′
−mψf
′′
− 2mψ
′
f
′
= 0.
Making the change of variable y = h
′
, the above equation becomes a first-order linear
differential equation in y,
y
′
= −2
ψ
′
ψ
y +
[
−(n− 2)
ψ
′′
ψ
+m
f
′′
f
+ 2m
f
′
ψ
′
fψ
]
.
Considering f¯(ξ) = −2
ψ
′
ψ
and g¯(ξ) = −(n− 2)
ψ
′′
ψ
+m
f
′′
f
+ 2m
f
′
ψ
′
fψ
, by the linearity
of the differential equations, we get
y =
[
c+
∫
g¯(ξ)e−
∫
f¯(ξ)dξdξ
]
e
∫
f¯(ξ)dξdξ.
Notice that ∫
f¯(ξ)dξ = −lnψ2.
Thus,
h(ξ) = k +
∫ {
c+
∫ [
mψ2
f
′′
f
− (n− 2)ψψ
′′
+ 2m
ψψ′f
′
f
]
dξ
}
1
ψ2
dξ. (20)
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Hereafter, assume fψ = 1. Hence,
ψf
′′
+ 2f
′
ψ
′
= −fψ
′′
. (21)
Note that we can rewrite equation 20 using the equation 21
h(ξ) = k +
∫ {
c+
∫ [
mψ2
f
′′
f
− (n− 2)ψψ
′′
+ 2m
ψψ
′
f
′
f
]
dξ
}
1
ψ2
dξ
= k +
∫ 
c+
∫
ψ
f

m
(
ψf
′′
+ 2f
′
ψ
′
)
︸ ︷︷ ︸
−fψ
′′
−(n− 2)fψ
′′

 dξ


1
ψ2
dξ
= k +
∫ {
c− (m+ n− 2)
∫
ψψ
′′
dξ
}
1
ψ2
dξ. (22)
Now, replacing h and h
′
in the second equation of 2 by the expressions given by 22,
we obtain
λ = εi0
{
ψψ
′′
− (n− 1)(ψ
′
)2 +mψψ
′ f
′
f
− c
ψ
′
ψ
+ (m+ n− 2)
ψ
′
ψ
∫
ψψ
′′
dξ
}
. (23)
Applying the expressions f =
1
ψ
and f
′
= −
ψ
′
ψ2
to 23, we obtain
λ(ξ) = εi0
{
ψψ
′′
− (m+ n− 1)(ψ
′
)2 − c
ψ
′
ψ
+ (m+ n− 2)
ψ
′
ψ
∫
ψψ
′′
dξ
}
. (24)
Now, we prove that the expression 24 is well defined. The third equation of the system
3 is given by
εi0
[
−fψ2f
′′
+ (n− 2)fψf
′
ψ
′
− (m− 1)ψ2
(
f
′
)2
+ fψ2f
′
h
′
]
= λf 2 − λF .
Inserting f =
1
ψ
, f
′
= −
ψ
′
ψ2
, f
′′
= 2
(
ψ
′
)2
ψ3
−
ψ
′′
ψ2
and λF = 0 into the above equation we
obtain
λ(ξ) = εi0
[
ψψ
′′
− (m+ n− 1)(ψ
′
)2 − ψψ
′
h
′
]
.
Then, using the expression of h
′
given by equation 22, we get
λ(ξ) = εi0
{
ψψ
′′
− (m+ n− 1)(ψ
′
)2 − c
ψ
′
ψ
+ (m+ n− 2)
ψ
′
ψ
∫
ψψ
′′
dξ
}
. (25)
Thus, equation 25 is exactly the same as 24.

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Proof of Theorem 1.3:
Let (Rn, g) be a pseudo-Euclidean space with coordinates x = (x1, ..., xn), gij = εiδij .
Since the metric g is a gradient Ricci almost soliton 1, we have
Ricg +Hessg(h) = λg, λ ∈ C
∞(Rn). (26)
Now applying 9 and 12 to 26, we get

(n− 2)ψ,xixj + ψ,xih,xj + ψ,xjh,xi + ψh,xixj = 0, i 6= j;
ψ[(n− 2)ψ,xixi + h,xixiψ + 2ψ,xih,xi]
+εi
[
ψ∆gψ − (n− 1)|∇gψ|2 − ψ
n∑
k=1
εkh,xkψ,xk
]
= εiλ, for all i.
(27)
Considering that f(r) and ψ(r) are functions of r, where r =
∑n
i=1 εix
2
i . Hence, we have
ψ,xi = 2εixiψ
′
, ψ,xixj = 4εiεjxixjψ
′′
, ψ,xixi = 4x
2
iψ
′′
+ 2εiψ
′
,
h,xi = 2εixih
′
, h,xixj = 4εiεjxixjh
′′
, h,xixi = 4x
2
ih
′′
+ 2εih
′
.
Furthermore,
|∇gψ|
2 = 4r(ψ
′
)2, △gψ = 4rψ
′′
+ 2nψ
′
.
Replacing these expressions in the first equation of 27, we get
4εiεjxixj
[
(n− 2)ψ
′′
+ 2ψ
′
h
′
+ ψh
′′
]
= 0, ∀i 6= j.
Therefore,
(n− 2)ψ
′′
+ 2ψ
′
h
′
+ ψh
′′
= 0. (28)
In an analogous way, from the second equation of 27, we get
εi[4(n− 1)ψψ
′
+ 4rψψ
′′
− 4(n− 1)r(ψ
′
)2 + 2ψ2h
′
− 4rψψ
′
h
′
]
+4x2iψ
[
(n− 2)ψ
′′
+ 2ψ
′
h
′
+ ψh
′′
]
= εiλ.
Now applying 28 to the above equation, it yields
4(n− 1)ψψ
′
+ 4rψψ
′′
− 4(n− 1)r(ψ
′
)2 + 2ψ2h
′
− 4rψψ
′
h
′
= λ. (29)
The reciprocal of this theorem can be easily verified.

Proof of Corollary 1.1:
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Note that we can rewrite 28 as
h
′′
+ 2
ψ
′
ψ
h
′
+ (n− 2)
ψ
′′
ψ
= 0.
Taking y = h
′
in this last equation, it is equivalent to first-order linear differential
equation
y
′
+ 2
ψ
′
ψ
y + (n− 2)
ψ
′′
ψ
= 0
Solving this ordinary differential equation we get
y =
[
c− (n− 2)
∫
ψψ
′′
dr
]
1
ψ2
where c > 0. Thus, we obtain the first equation of 5. Moreover, applying the first
equation of 5 to 29, we have the second equation of 5.

Proof of Theorem 1.4:
From 12, 26 gives


ψ,xixj = −
1
n− 2
(
ψ,x
i
h,xj + ψ,xjh,xi + ψh,xixj
)
, i 6= j;
(n− 2)ψψ,xixi + [ψ∆gψ − (n− 1)|∇gψ|
2] εi
+ 2ψψ,xih,xi + ψ
2h,xixi − ψεi
n∑
k=1
εkh,xkψ,xk = λεi.
(30)
From now on, h(ξ) and ψ(ξ) are functions of ξ, where ξ =
n∑
i=1
αixi and εi0 =
n∑
i=1
εiα
2
i .
Hence, we have
ψ,xi = αiψ
′
, ψ,xixj = αiαjψ
′′
, ψ,xixi = α
2
iψ
′′
,
h,xi = αih
′
, h,xixj = αiαjh
′′
, h,xixi = α
2
ih
′′
.
Moreover,
|∇gψ|
2 =
(
n∑
i=1
εiα
2
i
)
(ψ
′
)2 = εi0(ψ
′
)2, △gψ =
(
n∑
i=1
εiα
2
i
)
ψ
′′
= εi0ψ
′′
.
Replacing these expressions in the first equation of 30, we get
αiαj
[
(n− 2)ψ
′′
+ 2ψ
′
h
′
+ ψh
′′
]
= 0, ∀ i 6= j.
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If there exists i 6= j such that αiαj 6= 0, then we obtain
(n− 2)ψ
′′
+ 2ψ
′
h
′
+ ψh
′′
= 0, (31)
which is exactly the first equation of 6.
Likewise, considering the second equation of 30, we get
ψα2i
[
(n− 2)ψ
′′
+ 2ψ
′
h
′
+ ψh
′′
]
+ εi0
[
ψψ
′′
− (n− 1)(ψ
′
)2
]
εi − εi0ψψ
′
h
′
εi = λεi. (32)
From the first equation of 6 and 32, we obtain the second equation in 6.
We still have to consider the case in which αi0 = 1 and αi 6= 0 for all i 6= i0. Then,
the first equation of 30 is trivially satisfied for all i 6= j. Considering the second equation
of 30 for i 6= i0, we get
εi0(ψψ
′′
− (n− 1)(ψ
′
)2 − ψψ
′
h
′
) = λ,
and hence the second equation of 7 is satisfied. Considering i = i0 in the second equation
of 30, we get that the first equation 6 is also verified.

Proof of Corollary 1.2:
From the first equation of 6 we have
h
′
(ξ) =
1
ψ2
[
c− (n− 2)
∫
ψψ
′′
dξ
]
.
Therefore, applying the above equation to the second equation of 6, we obtain our result.

Proof of Corollary 1.3:
Consider the Euclidean space (Rn, g) n ≥ 3 and a metric g given by Corollaries 1.1
and 1.2. If 0 < |ψ(x)| ≤ c, then the metric g is complete, since there exists a constant
k > 0 such that for any vector v ∈ Rn, |v|g ≥ k|v|. We have that M = (Rn, g¯) ×f Fm,
is complete if, and only if, (Rn, g¯) and Fm are complete (see [13]). Then, the metrics
obtained in Corollaries 1.1 and 1.2 are complete.

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